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IRU WKLQ SODWH VLWXDWLRQV 7KLV SKHQRPHQRQ LV NQRZQ DV VKHDU ORFNLQJ(DUO\ DWWHPSWV WR RYHUFRPH WKLV GLIILFXOW\
ZDVWRHPSOR\WKHVHOHFWLYHUHGXFHGLQWHJUDWLRQWHFKQLTXHHJVHH>@DQGWKHUHIHUHQFHVWKHUHLQ8QIRUWXQDWHO\WKLV
VLPSOHDSSURDFKSURGXFHGHOHPHQWV WKDWKDYHVSXULRXVHQHUJ\PRGHV6LQFH WKHQ WKHUHDUH LQQXPHUDEOH50SODWH




$PRQJFRXQWOHVVSODWHEHQGLQJ HOHPHQWV DYDLODEOHQRZ WKHGLVFUHWH.LUFKKRII0LQGOLQTXDGULODWHUDO '.04
HOHPHQWSURSRVHGE\.DWLOL>@LVRIRXULQWHUHVWVLQFHLWKDVWKHVWDQGDUGQRGDOGHJUHHVRIIUHHGRPSDVVWKHSDWFK
WHVWVKHDUORFNLQJIUHHDQGQRVSXULRXV]HURHQHUJ\PRGHV)XUWKHUPRUHLWKDVEHHQSURYHQ>@WKDWWKH'.04KDV










DQG URWDWLRQ ILHOGV IRU WKH PHPEUDQH VWUDLQ HQHUJ\ ZHUH WDNHQ WR EH WKH VWDQGDUG ELOLQHDU IXQFWLRQ ZKLOH WKH
DSSUR[LPDWHILHOGVIRUWKHEHQGLQJDQGVKHDUVWUDLQHQHUJ\IROORZHGWKHRULJLQDOZRUN>@7KHHOHPHQWZDVWHVWHGWR






2.1. Variational formulation 
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൅ ߚ௬ۄ   
+HUHDQGKHUHDIWHUV\PEROVۃלۄሼלሽDQGሾלሿDUHXVHGWRGHQRWHDURZPDWUL[DFROXPQPDWUL[DQGDVTXDUHPDWUL[
UHVSHFWLYHO\
)ROORZLQJ WKH VWDWLF IRUPXODWLRQ>@ WKH +X:DVKL]X IXQFWLRQDO LV XVHG DV WKH EDVLV WR GHYHORS WKH '.04
HOHPHQWIRUSODWHEXFNOLQJDQDO\VLV,QWKHSUHVHQFHRIPHPEUDQHRULQSODQHSUHEXFNOLQJVWUHVVHVߪ௫଴ߪ௬଴DQG߬௫௬଴ 
DQGLQWKHDEVHQFHRIRWKHUH[WHUQDOIRUFHVWKH+X:DVKL]XIXQFWLRQDOLVJLYHQDV>@>@
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ͳ Ͳ
Ͳ ͳቃǡܦ௦ ൌ ݇ܩ݄   
+HUHDbLVWKHEHQGLQJULJLGLW\DsLVWKHVKHDUULJLGLW\kLVWKHVKHDUFRUUHFWLRQIDFWRUZKLFKLVWDNHQWREHDQG
GLVWKHVKHDUPRGXOXVܩ ൌ ܧȀʹሺͳ ൅ ߥሻ
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׬ ۃߜܶۄ஺ ቀሼߛሽ െ ሼߛሽቁ ݀ܣ ൌ Ͳ   
:KLFKLVDFRQVWUDLQWHTXDWLRQUHODWLQJWKHDVVXPHGVKHDUVWUDLQVሼߛሽWRWKHNLQHPDWLFDOVKHDUVWUDLQVሼߛሽ
2.2. Approximation form 





ߚ௫ ൌ σ ௜ܰߚ௫௜ସ௜ୀଵ ൅ σ ௞ܲܥ௞οߚ௦௞଼௞ୀହ    
ߚ௬ ൌ σ ௜ܰߚ௬௜ସ௜ୀଵ ൅ σ ௞ܲܵ௞οߚ௦௞଼௞ୀହ    
:KHUH ௜ܰ ൌ భరሺͳ േ ߦሻሺͳ േ ߟሻ i «  DUH WKH ELOLQHDU VKDSH IXQFWLRQV DQG Pk k «  DUH WKH KLHUDUFKLFDO
TXDGUDWLFVKDSHIXQFWLRQVDOORIWKHPDUHH[SUHVVHGLQWHUPVRIQDWXUDOFRRUGLQDWHVȟȘCkDQGSkDUHWKHGLUHFWLRQ
FRVLQHVRIVLGHk$SSUR[LPDWHGHIOHFWLRQDQGURWDWLRQVIRUWKHPHPEUDQHVWUDLQHQHUJ\ߎఙKRZHYHUDUHJLYHQDV
ݓ ൌσ ௜ܰݓ௜ସ௜ୀଵ ߚ௫ ൌ σ ௜ܰߚ௫௜ସ௜ୀଵ ߚ௬ ൌ σ ௜ܰߚ௬௜ସ௜ୀଵ   
7KHDVVXPHGVKHDUVWUDLQVሼߛሽDUH OLQHDUO\ LQWHUSRODWHGIURPWKHGLVFUHWH WDQJHQWLDOVKHDUVWUDLQVDW WKHPLGVLGH
QRGHV«7KHVHPLGVLGHWDQJHQWLDOVWUDLQVDUHREWDLQHGEDVHGRQWKHPRPHQWVKHDUHTXLOLEULXPHTXDWLRQDORQJ
HDFKVLGH7KHFRQVWUDLQWHTXDWLRQ(TQLVLPSOHPHQWHGLQGLVFUHWHPDQQHUDORQJHDFKVLGHXVLQJ>@
׬ ቀߛ௦ െ ߛ௦ቁ ݀ݏ
௅ೖ
଴ ൌ Ͳǡ݇ ൌ ͷǡ͸ǡ͹ǡͺߛ௦ ൌ
డ௪
డ௦




D    E
)LJD'.04HOHPHQWZLWKQDWXUDOFRRUGLQDWHVȟȘDQGQRUPDOWDQJHQWLDOFRRUGLQDWHVnsDORQJHDFKVLGHEVLGHk²QRGHVij
7DNHQIURP5HIHUHQFH>@
Ck FRVșk xji/Lk 
Sk VLQșk yji/Lk 








i=xi , yi 
j=xj, yj 
șk
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2.3. Geometric stiffness matrix 





ۃݑ௡ۄሾ݇ீሿሼݑ௡ሽ   
LQZKLFK
ۃݑ௡ۄ ൌ ۃݓଵ ߚ௫ଵ ߚ௬ଵ ݓଶ ߚ௫ଶ ߚ௬ଶ ݓଷ ߚ௫ଷ ߚ௬ଷ ݓସ ߚ௫ସ ߚ௬ସۄ  
LVWKHQRGDOGLVSODFHPHQWYHFWRUDQG

















ǥ ݅ ൌ ͳǡʹǡ͵ǡͶ൨ൣܩఉ௬൧ ൌ ൤ǥ
Ͳ Ͳ ௜ܰǡ௫
Ͳ Ͳ ௜ܰǡ௬
ǥ ݅ ൌ ͳǡʹǡ͵ǡͶ൨ EF
ZKHUH
௜ܰǡ௫ ൌ ݆ଵଵ ௜ܰǡక ൅ ݆ଵଶ ௜ܰǡఎ ௜ܰǡ௬ ൌ ݆ଶଵ ௜ܰǡక ൅ ݆ଶଶ ௜ܰǡఎ
$QGKHUHjjjjDUHWKHFRPSRQHQWVRIWKHLQYHUV-DFRELDQPDWUL[
7KH UHDGHU PD\ FRQVXOW 5HIHUHQFH >@ IRU D GHWDLOHG IRUPXODWLRQ OHDGLQJ WR WKH EHQGLQJ DQG VKHDU VWLIIQHVV
PDWULFHV
1XPHULFDOWHVWV
,Q WKHIROORZLQJ WHVWVZHSHUIRUPDVHULHVRISODWHEXFNOLQJDQDO\VHV WRDVVHVV WKHFRQYHUJHQFHFKDUDFWHULVWLFV
DQGDFFXUDF\RI WKHGHYHORSHG'.04HOHPHQW LQSUHGLFWLQJDFULWLFDOEXFNOLQJ ORDG7KHUHVXOWVDUHSUHVHQWHG LQ
WHUPV RI D QRQGLPHQVLRQDO EXFNOLQJ ORDG LQWHQVLW\ IDFWRU GHILQHG DV݇௖௥ ൌ ܮଶ ௖ܰ௥Ȁߨଶܦ௕>@ZKHUHNcr LV WKH
FULWLFDOEXFNOLQJORDGDQGDbLVWKHEHQGLQJULJLGLW\DVGHILQHGLQ(TQ
3.1. Simply-supported square plates subjected to an in-plane compressive load 
:HILUVWO\FRQVLGHUDKDUGW\SHVLPSO\VXSSRUWHGVTXDUHSODWHZLWKWZRGLIIHUHQWOHQJWKWRWKLFNQHVVUDWLRVWKDWLV
Lh DQGLh VXEMHFWHGWRDXQLD[LDOFRPSUHVVLYHORDGLQxGLUHFWLRQ7KHOHQJWKRIWKHSODWHLVL mWKH
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7DEOH%XFNOLQJORDGLQWHQVLW\IDFWRUVIRUKDUGW\SHVLPSO\VXSSRUWHGVTXDUHSODWHV








3.2. Rectangular plates subjected to an in-plane compressive load 
6HFRQGO\ZHFRQVLGHUKDUGW\SHVLPSO\VXSSRUWHGUHFWDQJXODUSODWHVRIWKHOHQJWKaDQGZLGWKbZLWKILYHOHQJWK






IUHH PHWKRG ZLWK UHJXODUͳ͹ൈͳ͹SDUWLFOHV SUHVHQWHG E\ Liew et al>@ DQG WKH SE 5LW] PHWKRG SUHVHQWHG E\
Kitipornchai et al >@ ,W LVREVHUYHG WKDW UHVXOWV IURPWKHSUHVHQWHOHPHQWDUH LQDJUHHPHQWZLWK WKRVHREWDLQHG
XVLQJ WKHPHVKIUHHDQGSE5LW]PHWKRGV)RU WKHFDVHRI WKLQSODWHVhb  WKHUHVXOWVDUHD OLWWOHELWKLJKHU
FRPSDUHG WR WKH UHIHUHQFH UHVXOWV$V WKH SODWHV EHFRPH WKLFNHU hb  DQGhb  KRZHYHU WKH UHVXOWV DUH
EHWZHHQWKHPHVKIUHHDQGSE5LW]UHVXOWV
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7DEOH%XFNOLQJORDGLQWHQVLW\IDFWRUVIRUKDUGW\SHVLPSO\VXSSRUWHGUHFWDQJXODUSODWHVZLWKGLIIHUHQWOHQJWKWRZLGWK
UDWLRVDEDQGWKLFNQHVVWRZLGWKUDWLRVKE
DE KE 3UHVHQW 0HVKIUHH>@ SE5LW]>@DVFLWHGLQ>@
    
   
   
    
   
   
    
   
   
    
   
   
    
   
   
3.3. A square plate with a hole subjected to different in-plane loads 
/DVWO\ZHFRQVLGHUDKDUGW\SHVLPSO\VXSSRUWHGVTXDUHSODWHZLWKDKROHRIWKHWKLFNQHVVh DVVKRZQLQ)LJ
D7KHPDWHULDOSURSHUWLHVDUHWDNHQWREHWKHVDPHDVLQWKHILUVW WHVW6HF7KHSODWHLVVXEMHFWHGWRWKUHH
GLIIHUHQW LQSODQH ORDG FDVHV QDPHO\ DQ D[LDO FRPSUHVVLYH ORDG LQ xGLUHFWLRQNx SXUH VKHDU ORDG DQG ELD[LDO
FRPSUHVVLYHORDGVLQxDQGyGLUHFWLRQVZKHUHNx Ny7KHSODWHLVPRGHOOHGXVLQJDPHVKDVVKRZQLQ)LJE
7KH DQDO\VLV UHVXOWV DUH WDEXODWHG LQ7DEOH  DQG FRPSDUHG WR WKRVH REWDLQHGXVLQJ WKH HOHPHQWIUHH*DOHUNLQ




0HWKRG $[LDO 6KHDU %LD[LDO
3UHVHQW   
()*0>@   
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